We clarify the origin of anomalous tunneling [Yu. Kagan et al. Phys. Rev. Lett. 90 (2003) 130402] i.e. the perfect transmission at low energy limit of tunneling of phonon excitations across the potential barrier separating two Bose condensates. The perfect transmission is a consequence of the coincidence of the wave function of the excited state at low energy limit and the macroscopic wave function of the condensate. We show that the perfect transmission at low energy occurs even at finite temperatures within the scheme of Popov approximation.
Bose-Einstein condensation in trapped dilute alkalimetal atoms has opened up a chance to find new quantum phenomena, owing to the controllability of the strength of interaction by Feshbach resonance and of a one-body potential by focused laser beam. With these backgrounds, many theoretical studies have been done with the Gross-Pitaevskii(GP) and Bogoliubov equations, 1 which are no longer theoretical toy models but describe weakly interacting Bose gases realized in alkalimetal atoms. One of those theoretical studies has been done by Kovrizhin 2 and Kagan et al. 3 They considered tunneling of excitation over the barrier separating the two condensates and found that the perfect transmission occurs at low energy limit, which was named "anomalous tunneling". 3 Subsequently, Danshita et al. [4] [5] [6] [7] considered, extensively, related problems such as tunneling between two condensates with different phases [4] [5] [6] and the excitation spectrum in Kronig-Penny potential. 7, 8 The transmission of excitations through randomly distributed potential barriers was discussed by Bilas and Pavloff. Kagan et al. attributed the anomalous tunneling to a virtual resonance level at low energy, which results from the repulsive potential barrier and the depletion of condensate wave function near the barrier. Through the study of tunneling between the two condensates with different phases, on the other hand, Danshita et al. 4 found that anomalous tunneling occurs only when the localized component is nonzero in the asymptotic solution of Bogoliubov equation. Earlier arguments 3, 4 of the origin of anomalous tunneling, however, rely on the explicit analytical solutions of GP and Bogoliubov equations in the presence of a particular form of potential barrier; V (x) ∝ δ(x) or the rectangular well V (x) = V 0 (> 0) for |x| < a and 0 otherwise (x-axis is taken to be the normal direction of the wall of the potential barrier). Therefore their arguments can not tell whether anomalous tunneling occurs or not in the presence of general form of potential barrier, which does not allow the exact analytical solution for GP and Bogoliubov equations. Furthermore, needed is an interpretation applicable to finite temperatures, where the exact analytical solution is not available in general. * E-mail address: yusuke@phys.c.u-tokyo.ac.jp In this Letter, we show the anomalous tunneling occurs for the potential barrier V (x) being arbitrary but shortranged and even function (V (−x) = V (x)). Further within the Popov approximation, we show the anomalous tunneling occurs even at finite temperatures.
First we consider weakly interacting Bose system at zero temperature in the presence of potential barrier V (x). Linear dimensions in the transverse directions (y, z) are assumed to be large so that the mean-field approximation is valid. The system we consider is schematically described in Fig. 1 . We take the incident angle φ to be arbitrary within the range [0, π/2), while φ has been taken to be zero in earlier studies.
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In the mean-field theory, the macroscopic wave function Ψ satisfies the stationary Gross-Pitaevskii equation
Here U is the coupling constant of two-body short-range interaction and is related to 4π 2 a 0 /m with the scattering length a 0 . Other notations are conventional. The system is uniform in y, z directions and hence Ψ depends only on x. Far away from the barrier |x| ≫ 1, Ψ approaches µ/U. The spatial variation of Ψ(x) is scaled by the healing length ξ = / √ mµ. Henceforth Ψ(x) is considered to be real. In the presence of V (x) and Ψ(x), the two-component wave function (u(r; ε), v(r; ε)) t of the state with excitation energy ε satisfies the Bogoliubov
Owing to the translational invariance in y, z directions, the solution of (3) has the form of
The wave function (u(x; ε), v(x; ε)) t satisfies the following equation (1) and (5) reduce to the following equations:
withĥ ′′ =ĥ +Ψ 2 (x) +k 2 ⊥ /2, respectively. Henceforth, we omit the bar for simplicity. At |x| ≫ 1, where V ∼ 0 and Ψ(x) ∼ 1, the basis of the solution of (7) is given by the two plane-wave solutions
and exponentially growing or converging solutions
with θ ± (ε) = ± √ 1 + ε 2 − ε. The wave number k in the plane-wave solutions (8) is given by
in terms of the incident angle φ with respect to the wall of the potential barrier (see Fig. 1 ). The growing rate (or converging rate) κ in (9) is given by
In (9), the exponentially-diverging component e κ|x| should be absent in the physical solution for the wave function. When the solution of (7) has the asymptotic form:
for x ≫ 1, t(ε) and r(ε) are the transmission and reflection coefficients of excitation with energy ε for the potential barrier V . Now we derive the solution of (7) corresponding to (13) and (14) in another way. In terms of S(x; ε) = u(x; ε) + v(x; ε) and G(x; ε) = u(x; ε) − v(x; ε),
. Expanding S(x; ε) and G(x; ε) as
(17) with respect to ε, the equations for S (0) (x) G (0) (x) and S (1) (x) are obtained aŝ
andĥ
Equations (18) and (19) are sufficient to derive the low energy properties of tunneling of excitations over the potential barrier. The solution of the first equation of (18) can be written as the linear combination
of the even function s e (x) and odd function s o (x) satisfyingĥ
respectively. At |x| ≫ 1, where V (x) ∼ 0 and Ψ(x) ∼ 1, h reduces to − ) respectively. Generally, α e , α o and β o are nonzero; we have confirmed that this is true for V (x) being the rectangular well 3 analytically and V (x) = exp(−x 2 ) numerically. On the other hand, the relation
holds as a result of
which follows from the fact that both hand sides of (25) satisfy the same equation and initial condition (21) and Ψ(x)/Ψ(0) approaches a constant at |x| ≫ 1. For the moment, we leave the constant β e in the expressions of physical quantities in order to make the role of (24) manifest in the perfect transmission at low energy limit. The solution of the second equation of (18) can be written as the linear combination
of the even function g e (x) and odd function g o (x) satisfyinĝ
respectively. At |x| ≫ 1, whereĥ
, g e (x) and g o (x) have the forms of
and
respectively. Generally, the coefficients α
e,o of the exponentially growing function are not zero. In (26), on the other hand, those exponentially growing terms should be absent. It is possible only when B e = B o = 0 and hence
and hence can be written as
e s e (x) + A
With use of it, S(x; ε) is written as
with A e,o (ε) = A
e,o + εA
at x ≪ −1, and
From (13), on the other hand, we obtain
for x ≪ −1 and
for x ≫ 1. With use of k = ε cos φ+O(ε 3 ), κ = 2+O(ε 2 ) and 1 + θ + (ε) = 2 − ε + O(ε 2 ), we obtain
for −1/ε ≪ x ≪ −1 and
for 1 ≪ x ≪ 1/ε. Hereε denotes ε cos φ. Equating (35) with (39), we obtaiñ
withÃ e,o (ε) = A e,o (ε)/(2 − ε). Equating (36) with (40), we obtainÃ
andÃ
The four equations (41), (42), (43) and (44) determinẽ A e,o (ε), r(ε) and t(ε) uniquely. Consequently, we obtain
Setting β e = 0 (24), we arrive at t(ε) = 1 at low energy limit. From (46), we obtain the phase shift δ(ε)
which is defined as (t(ε) = |t(ε)| exp(iδ(ε))). The energy dependence of phase shift (47) is consistent with the earlier result.
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The anomalous tunneling is a direct result of (24), which follows from the relation (25) or the fact that the even part s e (x) of the wave function of excitation at low energy limit coincides with the wave function of condensate. For the anomalous tunneling, it is crucial that the low energy excitation is obtained by infinitesimal deformation of the ground state. This applies to the present case; the low energy excitations are the Goldstone-mode as a consequence of U(1) symmetry breaking.
With this finding, we discuss the anomalous tunneling at finite temperatures. Among several theories for Bose system at finite temperatures, we take the Popov approximation 1 as an example. From now on, we recover the conventional unit from the dimensionless one. In the Popov approximation, the condensate wave function Ψ(x) satisfiesĤ p Ψ(x) = 0 (48)
